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ABSTRACT
In simulations of the standard cosmological model (ΛCDM), dark matter halos are aspherical. How-
ever, so far the asphericity of an individual galaxy’s halo has never been robustly established. We
use the Jeans equations to define a quantity which robustly characterizes a deviation from rotational
symmetry. This quantity is essentially the gravitational torque and it roughly provides the ellipticity
projected along the line of sight. We show that the Thirty Meter Telescope (TMT), with a single
epoch of observations combined with those of the Gaia space telescope, can distinguish the ΛCDM
value of the torque from zero for each Sculptor-like dwarf galaxy with a confidence between 0 and 5σ,
depending on the orientation of each halo. With two epochs of observations, TMT will achieve a 5σ
discovery of torque and so asphericity for most such galaxies, and so will provide a new and powerful
test of the ΛCDM model.
Keywords: Astrometry, Local Group
1. INTRODUCTION
Cold dark matter simulations agree that dark matter halos (Vera-Ciro et al. 2011; Schneider et al. 2012) and their
subhalos (Vera-Ciro et al. 2014) are not spherical, but instead constant density surfaces are roughly triaxial ellipsoids
whose axes vary from surface to surface. These shapes may be probed most cleanly in dwarf spheroidal (dSph)
galaxies, the nearest of which are hosted by subhalos of the Milky Way’s dark matter halo, as these often consist of
99% dark matter or more. Many dSphs have multiple stellar populations which themselves are triaxial, with axes
which are distinct from each other (del Pino et al. 2015) and therefore likely from that of the dark matter halo. On the
other hand, more exotic dark matter models, including many self-interacting dark matter models and Bose Einstein
Condensate models, often have more spherical dark matter halo profiles (Miralda-Scude 2002), although quantifying
this effect can be difficult (Peter et al. 2013). Therefore a measurement of the asphericity would provide a critical test
of the cold dark matter paradigm.
So far, the most robust determinations of halo shapes have been obtained for galaxy clusters. Such determinations
are quite complicated, requiring a combination of X-ray, strong lensing and Sunyaev-Zeldovich effect observations, as
in Morandi et al. (2012). There is also a large literature which attempts to determine the shape of the Milky Way’s
own dark matter halo. However different methods have led to differing results, as is reviewed for example in Vera-Ciro
et al. (2011).
In the clean case of the dark matter subhalos inhabited by Milky Way satellites, the state of the art subhalo shape
determination is Hayashi and Chiba (2012). In this paper the authors found that the halo shapes are far more
aspherical than those in CDM simulations, thus suggesting strong tension with the CDM paradigm. However, this
paper makes several very strong assumptions, including an alignment of the stellar and dark matter halos, that the
halos have two equal semi-principal axes and, even more critically, an assumption on the anisotropy of the stellar
velocities which, in the spherical case, reduces to the assumption that the stellar velocities are isotropic. A shift in the
stellar velocity anisotropy has, as the authors themselves described, a similar effect on the observables as a shift in the
halo ellipticity and so this assumption alone may be responsible for the conclusions of the study. Unfortunately, the
assumption cannot be lifted because the anisotropy itself cannot be determined using the line of sight stellar motions
together with the Jeans equations (Dejonghe 1987).
However this situation is about to change. Right now the Gaia space telescope is measuring not only the line
of sight velocities of many stars in each of these satellite galaxies, but for the first time it is also measuring their
transverse velocities. With the full three-dimensional velocities in hand, this degeneracy will be broken and so more
robust determinations of the halo shapes may be attempted. The precisions of these proper motion determinations will
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2improve dramatically with the completion of the Thirty Meter Telescope (TMT) (Skidmore et al. 2015). In particular,
using the instrument IRIS, with a single view of such a galaxy one can obtain 20 µas precision relative positions of
all of the stars bright enough for Gaia’s astrometry. Combining this with Gaia’s observations of the relative positions,
for example six years earlier, one obtains an improvement in the velocity measurements of roughly a factor of four
(Evslin 2015). With a second epoch of TMT observations several years later, one to two orders of magnitude more
stars become available and the astrometric precision drops well below the stellar dispersions, which means that the
measurements are limited primarily by the stellar dispersion and not the measurement error.
In summary, our knowledge of stellar proper motions will have three great leaps. First, in two or three years
when Gaia astrometry results become available, then when these results are combined with the first epoch of TMT
observations and finally when the second epoch of TMT observations are combined with the first. In the rest of this
letter we will show that Gaia will be unable to meaningfully constrain the halo shapes, however the first epoch of TMT
observations can distinguish spherical from triaxial CDM halos inhabited by Sculptor-like dwarf spheroidal (dSph)
galaxies with up to 5σ of precision for a favorable orientation, although for a generic orientation the confidence is
around 3σ. However, since there are several such systems available, these 3σ hints can be combined into a robust
signal. On the other hand, we will see that the second epoch of TMT observations will provide an overwhelming and
robust signal which excludes, at the 5σ level, either CDM or else spherical halos.
2. JEANS EQUATION FOR THE GRAVITATIONAL TORQUE
We will treat the stars in a galaxy as a collisionless gas in a potential V (r) with phase space density f(x,v), where
x and v are the position and velocity three-vectors. Then Boltzmann’s equations are
0 =
df
dt
=
∂f
∂t
+ vi
∂f
∂xi
− ∂V
∂xi
∂f
∂vi
(1)
where the first equality is Liouville’s theorem and the second is the chain rule. We will adapt cylindrical coordinates
(z, ρ, θ) where z is the line of sight direction, so that ρvθ = sin(θ)v1 − cos(θ)v2. The ρ on the left results from the fact
that we have defined vθ = ∂θ/∂t to be the angular velocity, not the velocity in the θ direction. Therefore vθ has units
of inverse time.
We will make two approximations. First, we neglect the contribution of the baryons to the gravitational potential V .
This is a reasonable assumption everywhere except for the interiors of the half-light radii of the most luminous dSphs,
such as Fornax and Sculptor, where one may expect errors of order 10%. This assumption is easily removed with the
understanding that the potential traced results from the sum of that of the dark matter and the stars, and so the
results of our analysis apply to the total distribution. In this case, to determine the dark matter distribution one needs
to subtract the stellar distribution. This can be done fairly precisely as only the line of sight integrated stellar mass
density is needed. Second, and more seriously, we assume that our configuration is in equilibrium and so ∂f/∂t = 0.
In contrast with the previous assumption, this is most reliable in the inner parts of the target galaxies, and in more
distant galaxies. In general equilibrium may be tested by evaluating spherical harmonics of odd moments of the radial
velocity. This may even be done with the projected radial velocity, which will be available at these surveys.
Then multiplying Eq. (1) by vθ and integrating over v one obtains the angular Jeans equation
ηs∂θV =−1
ρ
∂ρ
(
ρ3ηs〈vρvθ〉
)− ρ2∂θ (ηs〈v2θ〉)
+ρ2∂z (ηs〈vθvz〉) (2)
where ηs(x) is the stellar luminosity density in 3-dimensional space, defined so that∫
d3vf(x, v)vivj = ηs(x)〈vivj〉(x). (3)
The x-dependence of the moments 〈vivj〉 and of the luminosity density ηs will be left implicit.
As is, the Jeans equation (2) may look useless not only because the full 3-dimensional dependences of ηs and
the moments are unknown, but even more seriously because the relative z-coordinates of individual stars cannot be
measured in other galaxies given the astrometric precisions that will be available in the foreseeable future, and so ∂z
is entirely unconstrained.
The good news is that all of these problems have the same solution. To re-express the Jeans equation in terms of
observable quantities, one needs to integrate Eq. (2) over the line of sight direction z, yielding∫
dz (ηs∂θV ) =−1
ρ
∂ρ
(
ρ3η(2d)s 〈vρvθ〉2d
)
3−ρ2∂θ
(
η(2d)s 〈v2θ〉2d
)
(4)
where we have defined the 2-dimensional luminosity density and moments, which implicitly depend on (ρ, θ), by
η(2d)s 〈vivj〉2d =
∫
dzηs〈vivj〉. (5)
Here the unknowable ∂z term in Eq. (2) has vanished as a result of the fundamental theorem of calculus and the fact
that ηs vanishes at large positive and negative values of z.
The disappearance of the ∂z term, via integration by parts, is the central observation behind this paper. It implies
that no assumptions need to be made concerning the deprojection of the image. There is no such disappearance for
the other Jeans equations, and so the results that follow may only be applied to the angular Jeans equation (2). In
general, given proper motion data, orbit-based methods yield more robust results than Jeans equations-based methods
because the Jeans equations do not imply the dynamical consistency of the system, and so additional assumptions
need to be invoked. However the case at hand provides a counter-example to this common wisdom, as orbit-based
methods need to make additional assumptions regarding the deprojection and the angular Jeans equation does not.
Of course, the price to pay for this robustness is that only the angular Jeans equation is available. The angular Jeans
equation is sufficient to obtain some halo properties such as the projected ellipticity. However other properties, such
as the radial density profile, cannot be determined from the angular Jeans equation alone and so orbit-based methods
remain the most powerful for such goals.
The left-hand side of Eq. (4) is a luminosity-weighted expression for the angular dependence of the gravitational
potential. More precisely, it is (1/ρ) times the gravitational torque which is exerted on all of the stars in the line
of sight at fixed (ρ, θ). For a given stellar distribution and dark matter density profile, it may be calculated. The
right-hand side, on the other hand, consists entirely of quantities which may be measured. Thus the strategy will be
to measure the right hand side so as to determine the left hand side.
The left hand side has one very attractive feature. It vanishes for a spherically symmetric mass density, with no
restriction on the stellar luminosity profile or velocity anisotropy. Therefore if a measurement of the right hand side
in a strongly dark matter dominated system shows that this quantity is nonzero, it cannot be attributed entirely to
the unknown 3-d stellar distribution and velocity anisotropy or to the halo’s unknown radial density profile, it implies
robustly that the dark matter halo itself is indeed not spherical. Thus Eq. (4) provides a very clean test for the
asphericity of an individual dark matter halo. The fact that the torque defined by the left hand side of Eq. (4) provides
an unbiased and robust statistic for testing the asphericity of the matter distribution is our main result.
3. PRECISION WITH WHICH TORQUE CAN BE MEASURED
In the rest of this letter, we will determine the confidence with which Gaia space telescope and Thirty Meter Telescope
(TMT) observations, using the instrument IRIS, can, using the quantity defined in Eq. (4), distinguish a spherical
dark matter halo inhabited by a galaxy similar to the Sculptor dwarf spheroidal from a triaxial dark matter halo with
axis ratios of the order seen in CDM simulations. For simplicity, we will assume that the total matter density follows
an NFW profile
ρ(R) =
ρ0R
2
0
R(R+R0)2
(6)
where r0 = 0.5 kpc and ρ0 = 8× 107 M/kpc3 corresponding to the best fit values for the Sculptor dwarf in Strigari
et al. (2007). Here R is defined by
R2 =
x21
a21
+
x22
a22
+
x23
a23
(7)
where in the spherically symmetric case ai=1 and in the triaxial case we will choose
a1 = 1, a2 = 0.6, a3 = 0.9 (8)
reflecting typical axis ratios found in ΛCDM simulations. The corresponding gravitational potentials are evaluated
numerically, by summing the potentials created by constant density ellipsoids.
Although TMT can offer precise astrometry for well over 104 stars in the Sculptor dwarf (Skidmore et al. 2015),
we will restrict our attention to the 1355 stars in the MMFS survey (Walker et al. 2009) for which the authors
have assigned a membership probability greater than 90%. The uncertainties with which Gaia can determine proper
motions are determined using the post-launch precision study in Ref. (de Bruijne et al. 2015) with a 15% improvement
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Figure 1. The number of Sculptor dwarf members whose proper motion the Gaia satellite can measure with a given precision
σ. Only the 1355 members in the MMFS survey are considered, and so these numbers are lower bounds. TMT uncertainties
for observations of the same stars in 2022 can be obtained by dividing σ by 4.
due to Sculptor’s favorable location with respect to Gaia’s observation pattern. Following Evslin (2015), in Fig. 1 we
present the number of MMFS Sculptor members whose proper motions can be measured with various uncertainties.
These uncertainties are always greater than the measured radial velocity dispersion, however the large number of stars
means that they nonetheless provide a reasonably accurate measurement of the 3d velocity dispersion profile.
As these stars all have H band magnitudes well below 21, TMT’s astrometric precision will be limited by systematic
errors, which we will conservatively approximate to be 20 µas. As a result, as shown in Evslin (2015), a single epoch
of TMT observations combined with Gaia, 6 years earlier, yields an astrometric precision which is about 4 times better
than Gaia alone. We also consider a second epoch of TMT observations, which yields a 2 km/s precision on each
of these stars. If instead of the TMT observations with IRIS we consider the European Extremely Large Telescope
(E-ELT) astrometry instrument ELT-CAM, then two epochs separated by a 5 year baseline are required to yield a 5
km/s astrometric precision.
Can IRIS with NFIRAOS adaptive optics observe all of these stars? No. The science requirement for NFIRAOS
is that there should be enough guidestars to cover at least half of the potential fields of view at the galactic poles,
and more elsewhere. We have not considered this reduction in the number of stars in our analysis, as the size of this
reduction is not yet known beyond the fact that it is beneath 50%.
For the remaining stars, these observations are possible as a result of the redesign of the IRIS instrument to have a
field of view of 35′′×35′′. As a result, less than 1200 fields are sufficient to map Sculptor out to its half light radius
of 11.3′ (McConnachie 2012). For the fields observed, using the TMT exposure time calculator one finds that a 60
second observation per epoch yields the required 20 µas (50 µas) astrometric precision down to magnitude H=21 (22).
At H.21, there are about 10 Sculptor members per field inside of the half-light radius (de Boer et al. 2011), and more
than 100 within the field of view of NFIRAOS, which will be scanned and pasted together. Assuming that IRIS can
stably mosaic these fields together, this will be quite sufficient for differential astrometry. In addition, each IRIS field
will typically contain several members of the Gaia catalog, increasing further the precision. In more sparsely populated
fields, one may use the substructure of distant galaxies to fix a frame (Trippe et al. 2010). To cover the 1355 MMFS
Sculptor members or the roughly 104 members (de Boer et al. 2011) in the 1200 fields within the half-light radius,
with 60 second exposures, one needs about 20 hours of observation per epoch with IRIS, and probably less once WISC
is operational. The TMT Key Project on Local Group dwarf galaxies envisages significantly more observing time,
allowing deeper and wider observations.
To determine the precision with which a given set of observations may distinguish a spherical dark matter halo from
a triaxial dark matter halo, we define a χ2 statistic to be
χ2 =
∑
stars
(∫
dz (ηs∂θV )
)2
var(ρ, σ)
(9)
where the numerator and denominator are evaluated at the location of each star in the sum and the variance for a
given star is
var(ρ, σ) =
8ρ4η
(2d) 2
s
pi2
(
σ2 + 〈v2θ〉2d
)2
(10)
+
(ρ2 ∂η(2d)s
∂ρ
+ 3ρη(2d)s
)2
+
ρ4
ρ2m
η(2d) 2s

× (σ2 + 〈v2ρ〉2d) (σ2 + 〈v2θ〉2d) .
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Figure 2. The confidence with which the Gaia space telescope, combined with a single epoch of TMT observations, can
distinguish a spherically-symmetric matter distribution in a Sculptor-like dwarf spheroidal galaxy from a triaxial dark matter
distribution with semi-principal axis ratios similar to those found in ΛCDM satellites. The angles Θ and Φ characterize the
orientations of the semi-principal axes with respect to the line of sight.
Here ρm is chosen to be 0.23 kpc, the projected half-light radius, to impose the crude approximation that the uncertainty
in a measurement of ∂ρX is equal to 1/ρm times the uncertainty in X. Similarly, the uncertainty in ∂θX is taken to
be the uncertainty in X divided by pi/2, as the angular dependence of V is dominated by the quadrupole moment for
a triaxial dark matter distribution. Here σ is the proper motion measurement uncertainty. The velocity moments are
calculated from the dark matter distribution (6) by integrating the second order Jeans equation assuming spherical
symmetry and also the isotropy condition 〈v2r〉 = 〈v2φ〉.
We will see that the orientation of the triaxial dark matter halo strongly affects the confidence with which the
torque or asphericity can be measured. Recall that the triaxiality was incorporated into our halo density profile by the
definition (7) in which we chose the semi-principal axes (8), so that the profile in the x1−x2 plane is the most elliptical,
while the projection to the x1 − x3 plane is the roundest. We relate the triaxial coordinates x to the observational
coordinates (ρ, θ, z) by the matrix
x1
x2
x3
=

cos(Φ) sin(Φ) 0
-sin(Φ) cos(Φ) 0
0 0 1
 (11)
×

cos(Θ) 0 sin(Θ)
y 0 1 0
−sin(Θ) 0 cos(Θ)


ρsin(θ)
ρcos(θ)
z

so that the projected ellipticity depends on the two angles Θ and Φ. In particular, if Θ = Φ = 0◦ then the visible (ρ, θ)
plane corresponds to the x1 − x2 plane and so the projected ellipticity is large, allowing for a clean signal, whereas
Θ = Φ = 90◦ implies that the x1 − x3 plane is orthogonal to the line of sight, and so the projected ellipticity is small.
In practice the confidence with which the torque and so ellipticity can be distinguished from zero depends not only on
the direction of the line of sight with respect to the axes, but also, to a lesser extent, on the distribution of stars.
In the case of Gaia-only observations of stellar proper motions, we have found that even a 1σ asphericity signal
cannot be achieved. However, a single epoch of TMT observations combined with Gaia observations 6 years earlier
leads to 3σ evidence asphericity for most axis orientations (Θ,Φ), with some orientations yielding 5σ, as is shown in
Fig. 2. Note that by combining observations of several dSphs, a 5σ discovery of asphericity can be attained and these
deviations from asphericity can be compared with simulations to test ΛCDM.
On the other hand, two epochs of either TMT or E-ELT observations yields a 5σ discovery of asphericity for most
orientations, as is shown in Fig. 3. As in the previous figure, when Θ = 90◦ and Φ ∼ 60◦, the confidence vanishes
because the ellipsoid projected along the line of sight is circular. These confidences only consider the stars observed in
the MMFS survey, however both TMT and E-ELT should be able to achieve comparable astrometry with an order of
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Figure 3. As in Fig. 2 but for two epochs of TMT (left) or E-ELT (right) observations.
magnitude more stars, and so this figure is quite conservative. In fact, these measurements will be so precise that we
believe it will be possible to constrain even the radial dependence of the projected ellipticity, providing a very powerful
test of ΛCDM.
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